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In this note, we comment on D-spaces, linearly D-spaces and transitively D-spaces. We
show that every meta-Lindelöf space is transitively D . If X is a weak θ-reﬁnable TD-
scattered space, then X is transitively D , where TD is the class of all transitively D-spaces.
If X is a weak θ-reﬁnable D-scattered space, then X is a D-space, where D is the class
of all D-spaces, and hence every weak θ-reﬁnable (or submetacompact) scattered space is
a D-space. This gives a positive answer to a question mentioned by Martínez and Soukup.
In the last part of this note, we show that if X is a weak θ-reﬁnable space then X is
linearly D .
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The notion of a D-space was ﬁrst investigated by van Douwen and Pfeffer in [6] and has been the object of intensive
study in recent years. A neighborhood assignment for a space X is a function φ from X to the topology of the space X such
that x ∈ φ(x) for any x ∈ X . A space X is called a D-space if for any neighborhood assignment φ for X there exists a closed
discrete subspace D of X such that X =⋃{φ(d): d ∈ D} (cf. [6]). Many classes of D-spaces are known (cf. [1–5,9,11,14]).
However, it is not known whether every regular Lindelöf space is a D-space, and it is also unknown whether the D-property
is implied by paracompactness, subparacompactness or metacompactness. In studying the D-property, many new classes of
spaces which are weaker than D-property have been studied in recent years.
In 2008, Peng introduced the concept of linear D-spaces (cf. [15]). In this note, the linear D-spaces are called transitively
D-spaces, since the concept of linearly D has a proper meaning in [10]. A transitive neighborhood assignment for a space X is
a function φ from X to the topology of the space X such that for any x ∈ X , x ∈ φ(x) and φ(y) ⊆ φ(x) whenever y ∈ φ(x).
A space X is called transitively D if for any transitive neighborhood assignment φ for X there exists a closed discrete
subspace D of X such that X =⋃{φ(d): d ∈ D}. Clearly every D-space is transitively D .
In 2009, Guo and Junnila introduced the concept of linearly D . A family U of sets of X is monotone if U is linearly
ordered by inclusion. A neighborhood assignment φ for X is monotone provided that {φ(x): x ∈ X} is a monotone family.
A space X is linearly D provided that for every monotone neighborhood assignment φ for X there exists a closed discrete
subspace D of X such that X =⋃{φ(d): d ∈ D} (cf. [10]). In [10], it is proved that every δθ -reﬁnable (submeta-Lindelöf)
space is linearly D . In this note, we point out that every transitively D-space is linearly D , and prove that if X is a weak
θ -reﬁnable space then X is linearly D .
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(or meta-Lindelöf) space is transitively D . In private conversation, Camillo Costantini reminded me of the above question,
and he has proved that every paracompact space is transitively D . In this note, we show that every meta-Lindelöf space is
transitively D , and every weak θ -reﬁnable TD-scattered space is transitively D , where TD is the class of all transitively D-
spaces. In [16], it is proved that if X is a regular weak θ -reﬁnable D-scattered space, then X is a D-space, where D is the
class of all D-spaces. In this note, we show that the regularity property is not needed. So we have that if X is a weak
θ -reﬁnable D-scattered space, then X is a D-space. Thus every θ -reﬁnable (in particular, metacompact) scattered space is
a D-space. This also gives a positive answer to a question which appears in [12, page 3].
All the spaces in this note are assumed to be T1-spaces. The set of all natural numbers is denoted by N and ω is N∪{0}.
In notation and terminology we will follow [7].
2. On transitively D and linearly D-spaces
In this section, we mainly show that every transitively D-space is linearly D . Let U be a family of subsets of a space X .
A set A is U -small if there exists U ∈ U such that A ⊂ U ; if A is not U -small, then A is U -big. A cover U is non-trivial if
U = X for each U ∈ U (cf. [10]).
Lemma 1. ([10, Theorem 2.2]) The following are equivalent for a space X :
(1) X is linearly D;
(2) For every non-trivial monotone open cover U of X , there exists a closed discrete U -big set in X ;
(3) For every subset A ⊂ X of uncountable regular cardinality κ , there is a closed discrete subset B of X such that, for every neighbor-
hood U of B, we have |U ∩ A| = κ .
Theorem 2. If X is transitively D then X is linearly D.
Proof. Let U be a non-trivial monotone open cover of X . The monotone cover U has a strictly increasing subcover V =
{Uα: α < κ}, where κ is a regular cardinal, and a V-big set is a U -big set.
For each x ∈ X , let α(x) = min{α: x ∈ Uα, α < κ}. If φ(x) = Uα(x) for each x ∈ X then φ = {φ(x): x ∈ X} is a transitive
neighborhood assignment for X . Since X is transitively D , we have a closed discrete subspace D of X such that X =⋃{φ(d): d ∈ D}. Suppose there is some α ∈ κ such that D ⊂ Uα ; then φ(d) ⊂ Uα for each d ∈ D . Thus X = Uα . This
contradicts that U is a non-trivial cover of X . Thus D is a U -big set in X . So X is linearly D . 
Thus we know that every D-space is transitively D , every transitively D-space is linearly D .
In [10], it is pointed out that there exists a space which is linearly D but it is not a D-space. A linearly Lindelöf non-
Lindelöf space is linearly D non-D . We haven’t found an example which is transitively D non-D . In [10], it is proved
that every submeta-Lindelöf space is linearly D . In the following section, we will discuss which covering properties imply
transitively D .
3. On transitively D-spaces and D-spaces
In [3], it is proved that every space with a point-countable base is a D-space. In [14], it is proved that X is also a D-
space if X has a point-countable weak base. In what follows, we will show that every meta-Lindelöf space is transitively D .
Recall that a space X is meta-Lindelöf if any open cover U of X has a point-countable open reﬁnement.
Theorem 3. If X is a meta-Lindelöf space then X is transitively D.
Proof. Let φ = {φ(x): x ∈ X} be any transitive neighborhood assignment for X . Since X is a meta-Lindelöf space, then there
is a point-countable open reﬁnement V of φ.
We can assume X = {xα: α < γ }, where γ is a cardinal. Suppose for each α < β , we have chosen a closed discrete
subspace Dα satisfying the following conditions:
(1) xα ∈⋃{φ(d): d ∈⋃{Dη: η α}};
(2)
⋃{Dη: η < α} is a closed discrete subspace of X ;
(3) Dα ∩ (⋃{φ(d): d ∈⋃{Dη: η < α}}) = ∅;
(4) For any x ∈ X \⋃{φ(d): d ∈⋃{Dη: η α}} and for any V ∈ V , if x ∈ V then V ∩ Dη = ∅ for each η α.
Before we construct Dβ , let us show that D ′β =
⋃{Dα: α < β} is a closed discrete subspace of X .
By the condition (2), we know that for any α < β , D ′α =
⋃{Dη: η < α} is a closed discrete subspace of X . In what
follows, we show that D ′ is a closed discrete subspace of X .β
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x ∈⋃{φ(d): d ∈ Dαx } \
⋃{φ(d): d ∈⋃{Dη: η < αx}}. By the condition (2), we know that ⋃{Dη: η < αx} is a closed discrete
subspace of X , and Dαx is also a closed discrete subspace of X . So we let Vx = ((
⋃{φ(d): d ∈ Dαx }) \
⋃{Dη: η < αx})∩ V ′x ,
where V ′x is an open set of X such that x ∈ V ′x and |V ′x ∩ Dαx | 1. So x ∈ Vx and Vx is an open set of X , and |Vx ∩ D ′β | 1.
Thus x /∈ D ′β \ D ′β . So we have proved that D ′β \ D ′β ⊂ X \
⋃{φ(d): d ∈⋃{Dα: α < β}}.
Suppose D ′β is not closed in X ; then D ′β \ D ′β = ∅. If x ∈ D ′β \ D ′β and V ∈ V such that x ∈ V then V ∩ Dα = ∅ for some
α < β . So x ∈ X \⋃{φ(d): d ∈⋃{Dη: η  α}}, x ∈ V and V ∩ Dα = ∅. This is a contradiction with the condition (4). So we
have proved that D ′β \ D ′β = ∅. Thus the set D ′β is a closed discrete subspace of X if β is a limit ordinal.
Secondly, suppose β = α + 1 for some α. So D ′β =
⋃{Dη: η < β} =⋃{Dη: η  α} = (⋃{Dη: η < α}) ∪ Dα . By the
condition (2), we know that D ′α =
⋃{Dη: η < α} and Dα are closed discrete subspaces of X . So D ′β is a closed discrete
subspace of X .
We let Uβ =⋃{φ(d): d ∈⋃{Dη: η < β}}. Now we will construct Dβ .
If xβ ∈ Uβ , then we let Dβ = ∅. So we assume that xβ /∈ Uβ . Let V ′xβ = {V : xβ ∈ V and V ∈ V}. The family V ′xβ is
countable. For each V ∈ V ′xβ , there is some xv ∈ X such that V ⊂ φ(xv). So Vxβ = {φ(xv): V ∈ V ′xβ } is a countable family.
Enumerate Vxβ by prime numbers p. If x ∈ φ(x) then we say that x is the center point of φ(x).
If y1 = xβ then Vy1 = Vxβ . We take the ﬁrst member F of Vy1 such that the center point xF of F does not belong
to φ(y1). We denote y2 = xF . Thus φ(y2) = F . The family V ′y2 = {V : y2 ∈ V and V ∈ V \ V ′y1 } is a countable family, where
V ′y1 = V ′yβ . For each V ∈ V ′y2 there is some xv ∈ X such that V ⊂ φ(xv ). Thus Vy2 = {φ(xv): V ∈ V ′y2 } is a countable family,
and we enumerate Vy2 by the squares p2 of prime numbers.
Suppose we have ﬁnished n steps. We have φ(y1), . . . , φ(yn), and families V ′yi , Vyi , such that for each i  n if j < i
and V ∈ V ′y j then V /∈ V ′yi . If
⋃{φ(yi): i  n} ∪ Uβ = X , then stop the induction, and let Dβ = {yi: i  n}. So we as-
sume
⋃{φ(yi): i  n} ∪ Uβ = X . Then we take the ﬁrst member F of ⋃{Vyi : i  n} such that the center point xF of F
does not belong to
⋃{φ(yi): i  n} ∪ Uβ . We let yn+1 = xF . In this case, φ(yn+1) = F . If the center points of members of⋃{Vyi : i  n} are all contained in
⋃{φ(yi): i  n} ∪ Uβ , then ⋃(⋃{Vyi : i  n}) ⊂
⋃{φ(yi): i  n} ∪ Uβ , since the neigh-
borhood assignment φ is transitive. In this case, we let min{η′: xη′ /∈ (⋃{φ(yi): i  n} ∪ Uβ)} = η, and denote xη by yn+1.
Let V ′yn+1 = {V : V ∈ V \
⋃{V ′yi : i  n} and yn+1 ∈ V }. For each V ∈ V ′yn+1 , there is some xv ∈ X such that V ⊂ φ(xv ).
Let Vyn+1 = {φ(xv): V ∈ V ′yn+1 }. So Vyn+1 is a countable family of X . We enumerate it by the (n + 1)-th powers of prime
numbers.
In this way, we get Dβ = {yn: n ∈ N}. We have that Dβ ∩Uβ = ∅. Let us show that Dβ is a closed discrete subspace of X .
For any y ∈⋃{φ(d): d ∈ Dβ} ∪ Uβ , we know that there is an open set V y of X , such that y ∈ V y , and |V y ∩ Dβ |  1.
Thus y /∈ Dβ \ Dβ .
Suppose Dβ \ Dβ = ∅ and let x ∈ Dβ \ Dβ . Thus x ∈ X \ (⋃{φ(d): d ∈ Dβ} ∪ Uβ). If V ∈ V and x ∈ V then V ∩ Dβ = ∅,
and we let m = min{n: yn ∈ V and n ∈ N}. For each n ∈ N, Vyn is enumerated by the n-th powers of prime numbers. So we
let Vyn = {Epn : p is a prime number and p ∈ N} for each n ∈ N. Thus Vym = {Epm : p is a prime number and p ∈ N}. Since
V ∈ V ′ym \
⋃{V ′yn : n <m}, there is some xv ∈ X such that V ⊂ φ(xv) and φ(xv ) ∈ Vym . Thus φ(xv ) = Eqm for some prime
number q. We know that Dβ ∩ Uβ = ∅. If F ∈ Vyn for some n ∈ N, then the center point xF of F does not belong to Uβ ,
since yn /∈ Uβ and φ is a transitive neighborhood assignment.
Since there is some n′ ∈ N such that qm < 2n′ and n′ > m, the set A = {pi: pi < qm, i  n′ and p is a prime number}
is a ﬁnite set. Thus there is some n > n′ such that min{s: Es ∈⋃{Vyi : i  n} and the center point of Es is not contained in⋃{φ(yi): i  n}} qm . We let l = min{s: Es ∈⋃{Vyi : in} and the center point of Es is not contained in
⋃{φ(yi): in}}.
If l = qm , then xv /∈⋃{φ(yi): i  n}, since the center point of Eqm is xv . Thus yn+1 = xv , so V ⊂ φ(xv) = φ(yn+1) and
hence x ∈ V ⊂⋃{φ(d): d ∈ Dβ}. This contradicts x ∈ X \ (⋃{φ(d): d ∈ Dβ} ∪ Uβ). If l > qm , then xv ∈⋃{φ(yi): i  n}. So
V ⊂ φ(xv) ⊂ φ(yi) for some i  n. Thus x ∈⋃{φ(d): d ∈ Dβ}. This contradicts x ∈ X \ (⋃{φ(d): d ∈ Dβ} ∪ Uβ). Thus Dβ is a
closed discrete subspace of X .
From the above discussion, we know that the family {Dη: η β} satisﬁes the conditions (1), (2), (3) and (4).
If D =⋃{Dα: α < γ } then we can easily see that X =⋃{φ(d): d ∈ D}. Next we will prove that D is a closed discrete
subspace of X .
For any x ∈ X , let η = min{α: such that x ∈⋃{φ(d): d ∈ Dα}}. We denote Vx = (⋃{φ(d): d ∈ Dη} \⋃{Dδ: δ < η}) ∩ V ′x ,
where V ′x is an open set of X and x ∈ V ′x such that |V ′x ∩ Dη| 1. So Vx is an open subset of X , x ∈ Vx , and |Vx ∩ D| 1.
Thus D is a closed discrete subspace of X . So X is transitively D . 
Corollary 4. If X is a paracompact (metacompact) space then X is transitively D.
Question 5. Is every submeta-Lindelöf space transitively D?
In [15], it is pointed out that every closed subspace of a transitively D-space is transitively D . Now, we give a proof.
Theorem 6. Every closed subspace of a transitively D-space is transitively D.
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for Y . We let φ′(x) = φ(x) ∪ (X \ Y ) if x ∈ Y , and φ′(x) = X \ Y if x ∈ X \ Y . Thus φ′ is a transitive neighborhood assignment
for X . There is a closed discrete subspace D ⊂ X such that X =⋃{φ′(x): x ∈ D}. So Y =⋃{φ(d): d ∈ D ∩ Y } and D ∩ Y is a
closed discrete subspace of Y and hence Y is transitively D . 
Theorem 7. If X = X1 ∪ X2 and Xi is transitively D for i = 1,2, then X is transitively D.
Proof. Let φ be any transitive neighborhood assignment for X . Then φ1 = {φ(x) ∩ X1: x ∈ X1} is a transitive neighborhood
assignment for X1. Thus there exists a closed discrete subspace D1 of X1 such that X1 =⋃{φ1(d): d ∈ D1}. Let F = D1 \ D1.
Thus F ⊂ X2 and F is a closed subset of X and hence it is a closed subset of X2. Thus F is transitively D by Theorem 6. So
there is a closed discrete subspace DF ⊂ F such that F ⊂⋃{φ(d): d ∈ DF }. For each d′ ∈ D1 ∩ (⋃{φ(d): d ∈ DF }), we have
that φ(d′) ⊂ φ(d) for some d ∈ DF , since φ is transitive. If A1 = (D1 \⋃{φ(d): d ∈ DF }) ∪ DF then A1 is a closed discrete
subspace of X such that X1 ⊂⋃{φ(d): d ∈ A1}. Thus F2 = X2 \⋃{φ(d): d ∈ A1} is a closed subspace of X and hence a
closed subspace of X2. Thus there is a closed discrete subspace A2 ⊂ F2 such that F2 ⊂⋃{φ(d): d ∈ A2}. If D = A1 ∪ A2
then D is a closed discrete subspace of X and X =⋃{φ(d): d ∈ D}. Thus X is transitively D . 
Corollary 8. If X =⋃{Xi: i  n}, n ∈ N, such that Xi is transitively D for each i  n, then X is transitively D.
The following theorem is obvious.
Theorem 9. Let X =⊕α∈Λ Xα . The space X is transitively D if and only if Xα is transitively D for each α ∈ Λ.
The class of K-like spaces is deﬁned using a topological game introduced by Telgársky in [19]. Telgársky begins with any
closed-hereditary class K of spaces, i.e. any class of spaces such that if X ∈ K then 2X ⊆ K, where 2X denotes the collection
of all closed subspaces of the space X .
In [19], Telgársky deﬁnes the game and deﬁnes X to be K-like if and only if player I has a winning strategy in G(K, X).
In [8], it is proved that a space X is a K-like space if and only if player I has a stationary winning strategy in G(K, X).
A function s from 2X into 2X ∩ K is a stationary winning strategy for player I in G(K, X) if and only if it satisﬁes
(1) s(F ) ⊂ F for each F ∈ 2X , and
(2) if {Fn: n 1} ⊂ 2X satisﬁes that s(X) ∩ F1 = ∅, s(Fn) ∩ Fn+1 = ∅ and Fn+1 ⊂ Fn for each n 1, then ⋂{Fn: n 1} = ∅.
Let TD denote the class of all transitively D-spaces.
Lemma 10. ([15, Theorem 17]) If X is a TD-like space then X is transitively D.
If a class K satisﬁes the following three conditions, then we say that it satisﬁes property (∗)
(1) If X ∈ K then 2X ⊂ K;
(2) DK = K, where DK is the class of all discrete unions of spaces with property K;
(3) If X is a K-like space then X ∈ K.
By Theorems 6 and 9, and Lemma 10, we have
Lemma 11. The class TD satisﬁes the property (∗).
A space X is called a K-scattered space (cf. [18]) if for any non-empty closed subset F of X , there is some x ∈ F such
that x has a neighborhood Vx in the subspace F such that Vx ∈ K; we call Vx is a K neighborhood of x in F . Recall that a
space X is scattered if every subset of X has an isolated point.
Let X be a space. For each F ∈ 2X , let F ∗ = {x: x has no K neighborhood in F }. Let X (0) = X and X (α+1) = (X (α))∗ for
each ordinal α. If λ is a limit ordinal, then let Xλ =⋂{X (α): α < λ}. For any K-scattered space X , there is some ordinal α
such that X (α) = ∅. We deﬁne rank(X) = inf{α: X (α) = ∅}. If rank(X) = α + 1 for some ordinal α, then X (α) is a closed
subspace of X and is locally K. If X is locally K then rank(X) = 1.
A space X is called weak θ -reﬁnable (cf. [17]) if for any open cover U of X there is an open reﬁnement V =⋃{Vi: i ∈ N}
satisfying:
(1) {⋃Vi: i ∈ N} is a point-ﬁnite open cover of X ;
(2) For any x ∈ X , there is some i ∈ N , such that 1 ord(x,Vi) < ∞, where ord(x,Vi) = |{V : x ∈ V and V ∈ Vi}|.
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Since this covering property is not so well known, we point out that θ -reﬁnable (also called submetacompact) implies
weak θ -reﬁnable.
In [13] (cf. Theorem 2 in [13]), it is proved that if X is a regular weak θ -reﬁnable K-scattered space, and K satisﬁes the
property (∗), then X ∈ K. (In that paper, all spaces are assumed to be regular.)
By Theorem 2 in [13] and Lemma 11, we have that if X is a regular weak θ -reﬁnable TD-scattered space, then X is
transitively D . In [12] (page 3 in [12]), it is said that it is not known whether every metacompact scattered space is a D-
space. In fact, it is pointed out (in [13, page 81]) that if D is the class of all D-spaces then D satisﬁes the property (∗).
Thus by Theorem 2 in [13], we have that if X is a regular weak θ -reﬁnable D-scattered space, then X is a D-space. This
conclusion is also proved in [16]. So every regular metacompact scattered space is a D-space.
In fact, the regularity property is not needed for all the above statements. To prove this, we need the following lemmas.
Lemma 12. ([13, Lemma 3]) Let U = {Uλ: λ < η} be an open cover of X and Xn = {x ∈ X: ord(x,U)  n}, n ∈ N. Then Xn is a
closed subset of X and Fn = {E(λ1, . . . , λn): λ1 < · · · < λn < η} is a discrete (clopen) cover of Xn \ Xn−1 for each n  1, where
E(λ1, . . . , λn) =⋂{Uλi ∩ (Xn \ Xn−1): i  n}, X0 = ∅.
The proofs of the following two lemmas are analogous to the proofs of Lemmas 6 and 7 which appeared in [13]. To
assist the reader, we give the proofs.
Lemma 13. Let K satisfy the property (∗), and let F be a closed subset of X and let U be an open family of X such that
1 ord(x,U) < ω for any x ∈ F . If every closed in X subset E which is contained in some U ∈ U belongs to K, then F ∈ K.
Proof. Let U = {Uλ: λ < η}. If Fn = {x: x ∈ F and ord(x,U)  n} for n ∈ N, then Fn is a closed subset of X and F =⋃{Fn: n ∈ N}. By Lemma 12, we know that Fn \ Fn−1 =⋃Fn , where Fn = {E(λ1, λ2, . . . , λn): λ1 < λ2 < · · · < λn < η} is a
discrete (clopen) cover of Fn \ Fn−1, F0 = ∅.
For any non-empty closed subset E of X , we let nE = min{n: E ∩ (Fn \ Fn−1) = ∅}. Thus E ∩ (FnE \ FnE−1) is
the union of a discrete closed family {E ∩ E(λ1, λ2, . . . , λnE ): λ1 < λ2 < · · · < λnE < η} of X , and the closed subset
E ∩ E(λ1, λ2, . . . , λnE ) ⊂ Uλi for each i  nE . Thus E ∩ E(λ1, λ2, . . . , λnE ) ∈ K. If we let s(E) =
⋃{E ∩ E(λ1, λ2, . . . , λnE ): λ1 <
λ2 < · · · < λnE < η}, then s(E) ∈ DK = K. We can easily see that the strategy s is a stationary winning strategy of player I
in G(K, F ). Hence F is a K-like subspace of X . Thus F ∈ K. 
Lemma 14. Let K satisfy the property (∗), and let F be a closed subset of X . Let n ∈ N, and let Gi be an open family of X such that
F ⊂⋃Gi for each i  n. If for any x ∈ F there is some i  n such that 1  ord(x,Gi) < ω and every closed in X subset E which is
contained in some U ∈⋃{Gi: i  n} belongs to K, then F ∈ K.
Proof. For each i  n, F ⊂ ⋃Gi . For each m ∈ N and i  n, we denote F im = {x: x ∈ F and ord(x,Gi)  m}. Thus F =⋃{F im: m ∈ N and i  n}. The set F im is a closed subset of X and for any x ∈ F im , 1  ord(x,Gi) m < ω. Thus F im ∈ K by
Lemma 13. Since F =⋃{F im: m ∈ N, i  n}, we see that F is a closed K-like subspace of X . Then F ∈ K. 
Lemma 15. Let X be a weak θ -reﬁnable space and let K satisfy the property (∗). Let V be an open cover of X . If every closed (in X )
subset A which is contained in some U ∈ V belongs to K, then X ∈ K.
Proof. The open cover V has a weak θ -reﬁnement G =⋃{Gi: i ∈ N}. If Gi =⋃Gi then G′ = {Gi: i ∈ N} is a point-ﬁnite
open cover of X . Denote Fn = {x: x ∈ X and ord(x,G′) n}. Then Fn is a closed subset of X and Fn \ Fn−1 =⋃Fn , where
Fn = {E(k1,k2, . . . ,kn): k1 < k2 < · · · < kn and ki ∈ N for each i  n} is a discrete (clopen) family of subspace Fn \ Fn−1,
F0 = ∅.
If E is a closed subset of X such that E ∩ Fn−1 = ∅ and E ∩ (Fn \ Fn−1) = ∅, then E ∩ (Fn \ Fn−1) =⋃{E ∩ E(k1,k2, . . . ,kn):
k1 < k2 < · · · < kn and ki ∈ N for each i  n}. Thus the family {E ∩ E(k1,k2, . . . ,kn): k1 < k2 < · · · < kn and ki ∈ N
for each i  n} is a discrete closed family of X , and E ∩ E(k1,k2, . . . ,kn) ⊂ ⋃Gki for each i  n. So for any x ∈ E ∩
E(k1,k2, . . . ,kn), there is some p, 1  p  n, such that 1  ord(x,Gkp ) < ω. For each i  n and for any G ∈ Gki , if A is
a closed (in X ) subset and A ⊂ G , then A ⊂ V for some V ∈ V . So A ∈ K. Thus E ∩ E(k1,k2, . . . ,kn) ∈ K by Lemma 14.
Thus E ∩ (Fn \ Fn−1) ∈ DK and hence E ∩ (Fn \ Fn−1) ∈ K, since DK = K. Let E be any closed subset of X . If we let
s(E) = E ∩ (FnE \ FnE−1), where nE is the smallest number such that E ∩ FnE = ∅, then s is a stationary winning strategy of
player I in G(K, X). Thus X is a K-like space, and hence X ∈ K. 
Theorem 16. If X is a weak θ -reﬁnable K-scattered space and K satisﬁes the property (∗), then X ∈ K.
Proof. We prove it by induction.
L.-X. Peng / Topology and its Applications 157 (2010) 378–384 383(1) If rank(X) = 1, then X is a weak θ -reﬁnable locally K space. Thus for any x ∈ X there is a neighborhood Vx of x such
that x ∈ Int(Vx) and Vx ∈ K. Then V = {Int(Vx): x ∈ X} is an open cover of X . If A is a closed subset of X and A ⊂ Int(Vx)
for some x ∈ X , then A is a closed subset of Vx and hence A ∈ K. Thus by Lemma 15, we have X ∈ K.
Suppose we have proved the case of rank(X) < γ , where γ is an ordinal. Now we prove the case of rank(X) = γ .
(2) If γ = α + 1, then X (α) is a weak θ -reﬁnable locally K closed subspace of X . So X (α) ∈ K by (1). For any F ∈ 2X , if
F ∩ X (α) = ∅ then rank(F ) α < γ . Thus F ∈ K by induction. So X is a K-like space, and hence X ∈ K.
(3) If γ is a limit ordinal, then X =⋃{X \ X (α): α < γ }. If E is a closed subset of X and E ⊂ X \ X (α) for some α < γ ,
then rank(E) < γ . Thus E ∈ K by induction. Let V = {X \ X (α): α < γ }. If A is a closed subset of X and A ⊂ X \ X (α) for
some α < γ , then rank(A) < γ and hence A ∈ K. So X ∈ K by Lemma 15.
Hence we have proved that X ∈ K. 
By Theorem 16 and Lemma 11, we have
Theorem 17. If X is a weak θ -reﬁnable TD-scattered space then X is transitively D.
The class D satisﬁes the property (∗) (cf. [13,16]). So by Theorem 16, we have
Theorem 18. If X is a weak θ -reﬁnable D-scattered space then X is a D-space.
Corollary 19. If X is a weak θ -reﬁnable (or (sub)metacompact) scattered space then X is a D-space.
Thus the question which was mentioned on page 3 of [12] is answered.
Transitively D-spaces also have the following properties. The proofs are standard, so we omit them.
Theorem 20. If f : X → Y is a closed continuous onto map and X is a transitively D-space, then Y is transitively D.
Theorem 21. If for any transitive neighborhood assignment φ for X there is a closed transitively D-subspace F ⊂ X such that X =⋃{φ(d): d ∈ F }, then X is transitively D.
Theorem 22. If X =⋃{Xα: α < κ} and Xα is a closed transitively D-subspace for each α < κ and Xγ =⋃{Xβ : β < γ } for each
limit ordinal γ < κ , then X is transitively D.
Corollary 23. If X has a closure preserving cover F such that F is a closed transitively D-subspace for each F ∈ F , then X is transi-
tively D.
4. On linearly D-spaces
In [10], it is proved that every submeta-Lindelöf space is linearly D . In this section, we show that every weak θ -reﬁnable
space is linearly D . If V and U are families of subsets of a space X , and for any V ∈ V there is some U ∈ V such that V ⊂ U ,
then we denote V < U .
Lemma 24. Let U = {Uα: α < κ} be a strictly increasing open cover of X and let κ be an uncountable regular cardinal. If F is a
discrete closed family of X and F < U and⋃F is U -big, then there exists a closed discrete subspace D ⊂ X such that D is U -big in X.
Proof. Let α < κ , we assume that for each β < α, we have Fβ ∈ F and pβ < κ such that Fβ ⊂ Uβ , Fβ ⊂ Upβ , Fβ ⊂⋃{Upγ : γ < β}, and Fβ = Fγ for each γ < β .
Let aα = max{sup{pβ : β < α} + 1,α}. So there is some E ∈ F such that E ⊂ Uaα . Let Fα = E , thus Fα ⊂ Uα and
Fα ⊂⋃{Upβ : β < α}. Let pα > aα such that Fα ⊂ Upα . Thus Fα = Fβ for each β < α.
For each α < κ , we let xα ∈ Fα \⋃{Upβ : β < α}. Thus D = {xα: α < κ} is a closed discrete U -big set of X . 
Lemma 25. Let F be a subspace of X and let U = {Uα: α < κ} be a strictly increasing open cover of X and let κ be an uncountable
regular cardinal. If F =⋃{Fn: n ∈ N} such that Fn is a closed subspace of X , Fn ⊂ Fn+1 , and Fn is a discrete (clopen) cover of Fn \ Fn−1 ,
F0 = ∅, then F ⊂ Uα for some α < κ or there exists a closed discrete U -big set in X.
Proof. We assume that there does not exist a closed discrete U -big set in X .
We know that F1 =⋃F1 and F1 is a closed discrete family of X . So by Lemma 24 and the assumption, there is some
α1 < κ such that F1 ⊂ Uα1 . We assume that for n ∈ N and for each i  n, we have αi < κ such that Fi ⊂ Uαi . Thus the
family F ′n+1 = {E \
⋃{Uαi : i  n}: E ∈ Fn+1} is a discrete closed family of X . Thus by Lemma 24 and the assumption, there
is some αn+1 < κ such that
⋃F ′n+1 ⊂ Uαn+1 . Thus F ⊂
⋃{Uαn : n ∈ N}. Since cf (κ) > ω, we have that F ⊂ Uα for some
α < κ . 
384 L.-X. Peng / Topology and its Applications 157 (2010) 378–384Corollary 26. Let F be a subspace of X and let U = {Uα: α < κ} be a strictly increasing open cover of X and let κ be an uncountable
regular cardinal. If F =⋃{Fn: n ∈ N} such that Fn =⋃{Fni: i ∈ N}, where Fni is a closed subspace of X , Fni ⊂ Fn(i+1) , and Fni is a
discrete (clopen) cover of Fni \ Fn(i−1) , Fn0 = ∅, then F ⊂ Uα for some α < κ or there exists a closed discrete U -big set in X.
Theorem 27. If X is a weak θ -reﬁnable space then X is linearly D.
Proof. Let U be a non-trivial monotone open cover of X . So U has a strictly increasing open subcover V = {Uα: α < κ} for
some regular cardinal κ , and a V-big set A is a U -big set of X .
Suppose X is not linearly D , there is a non-trivial monotone open cover U of X such that there does not exist a U -
big set in X . We can assume that U = {Uα: α < κ} is a strictly increasing open cover of X and κ is an uncountable
regular cardinal. Since X is a weak θ -reﬁnable space, U has a weak θ -reﬁnement V =⋃{Vi: i ∈ N}. Let Vi =⋃Vi . The
family V ′ = {Vi: i ∈ N} is a point-ﬁnite open cover of X . If Fn = {x: ord(x,V ′)  n} then Fn is a closed subset of X and
Fn \ Fn−1 =⋃Fn , where Fn = {E(λ1, λ2, . . . , λn): λ1 < λ2 < · · · < λn and λi ∈ N for each i  n} and E(λ1, λ2, . . . , λn) =⋂{Vλi : i  n} ∩ Fn . Thus |Fn|ω.
The set F1 =⋃F1 and |F1| ω. For each E ∈ F1, the set E is a closed subset of X , and there is some λ ∈ N such that
E ⊂ Vλ and 1 ord(x,Vλ) < ω for each x ∈ E . So E =⋃{Em: m ∈ N}, where Em = {x: ord(x,Vλ)m}. Thus by Lemma 25
and the assumption, we know that there is some α < κ such that E ⊂ Uα . Since |F1|  ω and cf (κ) > ω, there is some
α1 < κ such that F1 ⊂ Uα1 .
For n ∈ N, we have Uαi ∈ U for some αi < κ such that Fi ⊂
⋃{Uα j : j  i} for each i  n. Thus F ′n+1 = {E \⋃{Uαi : i  n}: E ∈ Fn+1} is a closed discrete family of X and |F ′n+1|ω.
For each E ∈ Fn+1, we assume that E = E(λ1, λ2, . . . , λn, λn+1) =⋂{Vλi : i  n+1}∩ Fn+1. For each x ∈ E \
⋃{Uαp : p  n}
there is some i  n + 1 such that 1 ord(x,Vλi ) < ω. If Eij = {x: x ∈ E \
⋃{Uαp : p  n} and ord(x,Vλi ) j} then Eij is a
closed subset of E \⋃{Uαp : p  n}, and hence it is a closed subset of X . Thus by Corollary 26 and the assumption, we
have some α < κ such that E \⋃{Uαi : i  n} ⊂ Uα . Since |F ′n+1|  ω and cf (κ) > ω, we have some αn+1 < κ such that⋃F ′n+1 ⊂ Uαn+1 . Thus Fn+1 ⊂
⋃{Uαi : i  n + 1}.
Thus X =⋃{Uαn : n ∈ N}. Since cf (κ) > ω, there is some α < κ such that X = Uα . This contradicts that U is a non-trivial
cover of X .
Thus X is linearly D . 
After-submission remarks. After this paper was submitted, G. Gruenhage gave a positive answer to Question 5.
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